This article presents the applications of continuous symmetry groups to the computational fluid dynamics simulation of gas flow in porous media. The family of equations for one-phase flow in porous media, such as equations of gas flow with the Klinkenberg effect, is considered. This consideration has been made in terms of difference scheme constructions with the preservation of continuous symmetries, which are presented in original parabolic differential equations. A new method of numerical solution generation using continuous symmetry groups has been developed for the equation of gas flow in porous media. Four classes of invariant difference schemes have been found by using known group classifications of parabolic differential equations with partial derivatives. Invariance of necessary conditions for stability has been shown for the difference schemes from the presented classes. Comparison with the classical approach for seeking numerical solutions for a particular case from the presented classes has shown that the calculation speed is greater by several orders than for the classical approach. Analysis of the accuracy for the presented method of numerical solution generation on the basis of continuous symmetries shows that the accuracy of generated numerical solutions depends on the accuracy of initial solutions for generations. Computation 2019, 7, 45 2 of 18
Introduction
Modern problems in modeling of natural oil and gas reservoirs require the use of complex coupled equations for physically different unsteady processes such as multiphase seepage, geomechanics, and multicomponent thermodynamical processes for three spatial dimensions. It would seem that simple models are not very useful nowadays. However, consideration of all processes straightly and completely at the same moment is extremely difficult, for example [1] . That is why one of the most popular topics in mathematical modeling of processes related to natural oil and gas reservoirs is how to simplify a model to a stage where it is still interesting and can be numerically solved with acceptable results [2] . All these approaches require reliable benchmark models, such as the mentioned simple equations, and a basis for their construction and numerical solving, for example, for a more effective choice of initial iterations. Moreover, methods with simple models can help in understanding how to use them in more complicated situations. Another application of simple models is for fast calculations in the field of petroleum engineering, where time is more important than model complexity in some cases.
Local Lie groups of transformations in a multidimensional Euclidian space are used in this article. These families of transformations depend on some continuous parameter and all together form a group in the meaning of abstract algebra. However, they fulfill group properties only locally, which means that some small open neighborhood of a continuous parameter exists for every value of a parameter where a family of transformations is a group.
Let us consider an r-parameter Lie group of transformations [5] , i.e., a family of transformations with local group properties that depends on r essential parameters a = (a 1 , a 2 , . . . , a r ) ∈ R r and is defined as x = f (x, a), where x , x ∈ D ⊆ R r . For group analysis using this type of groups, another very important concept is an infinitesimal operator [6] , which is defined as a differential operator
where x = f (x, a) is a one-parameter Lie group. This operator is the tangent space ξ(x) = (ξ 1 (x), ξ 2 (x), . . . , ξ n (x)) of a continuous group of transformations.
Invariants of defined groups of transformations play an important role in group analysis of equations. They are functions F(x), x ∈ R n , which remain the same under the action of their transformation groups. A concept of an infinitesimal operator gives an opportunity to use the infinitesimal criterion [6] of invariance, which can be written as (1) :
An invariant manifold for a Lie group of transformations is a manifold whose points are transformed into points of this manifold under the action of this symmetry group. The infinitesimal criterion for manifolds is almost the same apart from the necessity to cancel variables, which can be expressed explicitly via the definition of a manifold.
The approach of Lie groups of continuous symmetries allows to work with different types of equations as manifolds in a correspondent space. Thus, continuous or finite-difference derivatives are considered as other independent variables. The concept of Lie groups' action prolongation helps to define new additional variables (for a transformation group), which are presented in an equation apart from the variables of a group. These new variables are considered with initial variables in the same way. One says that this group is a continuous symmetry group for this equation or this equation admits this continuous group if an equation is an invariant for the prolonged continuous group. In this concept within this article, different additional variables can be derivatives for differential equations or finite-difference derivatives for difference equations.
The presence of a continuous symmetry for an equation defines a structure of connections between its solutions. Solutions can be transformed into each other by applying the group of transformations. This property gives an opportunity to generate families of solutions via one non-invariant solution and one symmetry group. It is demonstrated below for numerical solutions of constructed invariant different schemes.
This section is intended to provide basic ideas of theory of Lie groups for differential and difference equations. One can find more information about group analysis of differential equations in [5, 6] . The results referring to the discrete case can be found in [3] .
Group Classification Results for Parabolic Type Equations
One type of partial differential equations is considered in this article-the equations of gas flow in one-dimensional porous media [10] . The equations are as follows:
These equations represent an example of simple models for problems of gas flow in porous media, which are mentioned in the introduction. They can be written in the following form:
what gives clear understanding that they are similar to the corresponding heat transfer equations. Different types of heat transfer equations are well researched in terms of group analysis by using Lie groups of point transformations [11] . Coefficients α and β are used further for group classifications of these differential equations and their corresponding finite-difference representations. The group analysis is performed for this family of Equations (3) and can be found in [12] for the differential case. The group analysis results are partly presented in the section below for constructing of difference schemes with the preservation of continuous symmetries.
Gas Flow Equation with Klinkenberg Effect
Let us consider a particular example of Equations (2) with the equation of state for ideal gas with constant temperature ρ = χP and with the Klinkenberg relationship for permeability [10, 13] , which is given by (4) as follows:
where ϕ = const and µ = const. The equation for these coefficients can be written as
This equation has four one-parameter groups of continuous symmetries with the infinitesimal operators [11, 12] :
Continuous symmetries for differential equations may contain crucial properties of equations because these symmetries define connections between solutions. It is a very important property of symmetry groups as mentioned above, namely, the approach for solution generations using these transformation groups. For considered particular Equation (5), symmetries with X 1 and X 2 stand for translations of time and spatial variable, respectively. Thus, Equation (5) does not explicitly present time and spatial variables. The operator X 3 is responsible for the dilation symmetry of (5) or, to be more precise, for the parabolic differential structure of the equation. The symmetry with the operator X 4 is due to the particular form of the coefficient β from (3).
Construction of Invariant Difference Schemes

Difference Scheme Construction with Preservation of Symmetries
Difference scheme construction with the preservation of continuous symmetries for an original differential equation has been previously presented in [3] . This method is used in this study to obtain all possible invariant difference schemes without restrictions to certain forms of finite-difference derivatives or neighboring points for the current point of a mesh.
Let us consider some differential equation
where y j is a set of j order derivatives for the function y(x) and p is the order of (7) . Let Equation (7) has an r-parameter symmetry group of transformations, which is a Lie group
with r infinitesimal operators
Equation (7) can be written via differential invariants I j [5, 6] of the symmetry group (8) , which can be found from Equation (1) and written as
this set of functions I j is not unique because any smooth enough function of invariants is an invariant. Let us consider some difference scheme in the following form [14] :
where E i stands for a difference equation; M j stands for a mesh; l is the order of the difference scheme (11); k 0 , k 1 , . . . , k l ∈ K are n-tuples, which are responsible for positions on a mesh M from an n-dimensional space. One says that this group of transformations is a symmetry group for Equation (11) if this equation defines an invariant manifold for the group of transformations (8) , which is rewritten for all indices k from (11) as follows:
One says that (11) is an invariant difference scheme for differential Equation (7) , or in (11) , all symmetries of (7) are preserved if the difference scheme (11) in the limit tends to (7) . Tending to the limit in this definition means that quantity h max → 0 where
which means that neighboring points of a mesh tend to be closer. Difference invariants for the continuous group (12) should be determined to find an invariant difference scheme. Difference invariants can be found from the following system of equations:
where X j K are prolongations of operators X j for variables x k 0 , y k 0 , x k 1 , y k 1 , . . . , x k l , y k l , which are values for independent and dependent variables in points of a mesh with the set of indices K for every point. Let functions J j (x k 0 , y k 0 , x k 1 , y k 1 , . . . , x k l , y k l ) = const, j = 1 . . . s be the difference invariants, which are found from the system of Equations (13) . The approximation of differential invariants (10) via difference invariance (13) is the next step for constructing invariant difference schemes, which can be written as
where h max → 0 , n j is the order of approximation. Invariant difference schemes for a differential equation are constructed by the following steps:
• Identify continuous symmetries for a differential equation of the form (7); • Express a differential equation in terms of differential invariants as it is shown in Equation (10); • Construct difference invariants for a symmetry group of the form (12); • Approximate differential invariants (10) via difference invariants from (13); • Notate Equation (10) via approximations (14) of differential invariants; •
Seek functions M j for a definition of a mesh, i.e., obtain expressions for independent variables.
The aforementioned definition is not rigorous and is intended to outline the concept. However, in the further usage of this definition, every arbitrary function, such as F i , E i , and M i , are sufficient to define corresponding types of equations or other objects, for example, a continuous group of transformations. Of course, there can be a situation for this definition with just an invariant system of equations of type (11) and without a limit of type (7) , but this approach allows all possible invariant schemes, including one with or without a limit.
Invariant difference schemes have essentially the same continuous symmetries, which, as it is shown below for (5), may contain important information about an equation. The main question of this article what are numerical benefits of using this type of difference schemes and it arises from several studies (for example [3] ), which have complete theory of group analysis of difference schemes using theory of Lie groups but almost without analysis of stability, approximation, convergence, and applications in practical problems for invariant difference schemes.
Numerical Solution Generation Using Continuous Symmetries
It is pointed out above that a particular solution can be transformed into another solution (providing that the first solution is not invariant) if a group of continuous symmetry is known. Therefore, one can obtain a family of solutions depending on a parameter of a group. This approach has been applied widely for differential equations and can be applied for difference schemes as well [3] . It provides an opportunity for calculating a numerical solution once and obtaining others by using a continuous group of symmetries but for some types of boundary and initial conditions, which must be transformed one into another by using the continuous group of symmetries. This problem is known and discussed in, for example, [15] .
Let us consider a particular numerical solution, which is a set of points (x k , y k ) , where k is an index on a mesh, x k is a vector of independent variables, and y k is a vector of dependent variables. It is an "ideal" numerical solution that is calculated using an "ideal" computer, which can avoid errors of truncations. Let us consider errors of truncations ε 1 k and ε 2 k ; thus, a "real" solution can be written as a set of points (x k + ε 1 k , y k + ε 2 k ) . The errors are transformed when a transformation from some symmetry group is used for a correspondent difference scheme (which has the mentioned numerical solution) and new errors can be written as
where ε 1 k and ε 2 k are errors for a generated solution using a continuous group of symmetry, ε 3 k and ε 4 k are errors for calculations of functions f and g using a "real" computer. Errors ε 1 k and ε 2 k tend to zero if ε 1 k , ε 2 k , ε 3 k , and ε 4 k tend to zero. It is assumed that functions f and g are continuous and some converging algorithm is used to calculate them. Therefore, errors for solutions can be controlled and decreased when solutions are generated by symmetry groups. The nature of a used particular solution is not discussed in this section, so it can be, for example, unstable. However, it is not important in the case of this section.
Example of Invariant Difference Scheme Construction for Gas Flow Equation
Let us return to example (5) and conduct all the steps from the definition above. First of all, it is suggested to change the dependent variable P using the following substitution:
Thus, Equation (5) can be rewritten as
where the bar above for the new variable P is omitted in this section for the sake of convenience. This change of variables is made only for the following stability analysis. The symmetry group operators are the same (operators (6)) apart from the last for the new equation:
For the symmetry group on the basis of (16), a differential invariant for an invariant notation of the form (10) can be chosen as follows:
the continuous group from (16) has three other differential invariants, but they are omitted because the invariant notation for Equation (15) is I 1 = 1. Difference invariants for (16) can be written as follows
and can be obtained from the system of first-order partial differential equations of the form (13) with prolonged operators for (16) . The numbers of invariants depend on the number (four in this case) of independent operators (in a sense of functional independence in the space of all discrete variables) and on the number of all discrete variables. The number of discrete variables can be chosen for this case as 17 for time (two time layers), spatial, and pressure variables in five nods of a mesh: central, top, bottom, left, and right nods. The number of invariants is greater than three, but there are only three different forms (17) of these invariants. The constants p i ∈ Z are needed for expressing of all invariants and wider sets of invariant difference schemes, for example, for using different numbers of neighbor points for approximations of differential derivatives. These translations (constants p i ) are possible because of the specific form of operators (16) , which can be shown as
The invariant J 1 allows to define the next time step according to the spatial variable steps and the current values of pressure P n k . The invariant J 3 defines possible spatial meshes including uniform meshes and J 2 comes from the operator X 4 , which allows to scale pressure according to time.
Let us consider two invariant difference schemes for deeper understanding of the difference invariant J 1 : explicit
and implicit
difference schemes. These difference schemes can be obtained via difference invariants (17) . One can obtain necessary conditions for stability of the difference schemes (18) and (19) using the method of frozen coefficients [16] :
The invariant J 1 can be rewritten as
It indicates that necessary conditions (20) for (18) and (19) are invariants but for different sets of values for the constant C. This fact gives an example of the continuous symmetry preservation importance for difference schemes. Of course, there are examples of difference schemes that can have more fruitful properties for numerical calculations and cannot be invariant. However, the described above approach allows us to have a very wide choice of difference schemes, which can be potentially better.
Families of Invariant Difference Schemes
The example from the last section shows very close connections between symmetries and properties of equations. It is applicable for both differential and difference cases. Differential equations of the type (3), which represents different problems for gas flow in porous media, are well researched by using theory of Lie groups. As it is mentioned above, this type of equations has group classifications, which can be found in [11, 12] . These results and results from the last sections are used in the current section to obtain the families of invariant difference schemes for differential equations of the type (3), which stand for the physical problem (2) . The aim of this section is to present only differential equations and their invariant difference schemes with coefficients, which can be chosen from real physical problems of gas flow in porous media. Thus, the results in Table 1 are not intended to cover all equations from the known classifications. 
In Table 1 , p i ∈ Z and c j ∈ R are arbitral constants, and operators X 1 , X 2 , and X 3 are from (6). The results from Table 1 match results from [17] for cases 1-3 and certain constants p i . The example (5) and all results for (15) belong to case 2 in Table 1 (with changing of variables P = P + K 2 ) with coefficients dα dP = P and β = P.
The one-dimensional case is considered for simplicity, and all results of this article can be generalized for the multidimensional case. All cases from Table 1 can have certain coefficients with certain physical meanings, and difference invariants can be used for constructing a wide set of invariant difference schemes. Another reason of class choices from known group classifications of differential equations of the parabolic type is the possibility of finding explicit forms for difference invariants and transformations from continuous symmetry groups, which can both be found from their corresponding equations.
Equation (2) and its classes from Table 1 can represent wide spectrums of problems for flow in porous media on different scales: microscale of pores, macroscale of fields, and other intermediate scales.
For example, problems of CO 2 geological storage [18] or, in particular, problems of CO 2 injection on macroscales of porous media [19] can be studied using the results obtained from this study. There are several results for microscales that can be studied using results of this article for some specific cases of initial and boundary conditions, forms of pore network models and methods for calculating conductivities: suggested models for gas flow in [20] , one-phase flow in [21] , multiphase flow in [22] , and modeling of films in gas-liquid-capillary systems in [23] .
Numerical Results and Discussion
Choice of Time Step in Accordance with Difference Invariants
Example (5) is used for further results in this section. The explicit difference equation
the implicit difference equation
and the difference mesh
are used for numerical calculations, where A is a coefficient that depends on the maximum time value and Table 2 gives parameters for numerical calculations. The explicit difference scheme (21) and (23) were chosen for the sake of application demonstrations of the obtained invariant necessary conditions for stability. Figure 1 shows a comparison of numerical solutions for the difference scheme (21) and (23) and the difference scheme (22) and (23) (with the constant time step and with the time step choosing) and the exact solution, which is from [24] . The exact solution can be written as
where constants C 1 and C 3 depend on initial pressures (on the left and right boundaries) and constant C 2 is for the initial time value. Initial and boundary conditions for the difference scheme are chosen in accordance with the aforementioned solution. The comparison ( Figure 1) of implicit difference schemes with (the time step choosing) and without (the constant time step) continuous symmetry groups from Table 1 shows almost no difference in numerical solutions. The comparison of explicit difference schemes shows that the time step choice (the case with continuous symmetries) from (23) helps to stabilize the explicit difference scheme (21) with the same number of constant time steps (the case without continuous symmetries). Tables A3 and A4 show errors for different methods and meshes. The comparison in Figure 1 shows the advantages for calculations with the time step choice from (23). This approach for time steps is well-known (see for example [16] ), but it arises from analysis using continuous symmetries. According to the method used for constructing the invariant difference schemes, this condition for stability does not have to appear at first sight. The parameters from Table 2 are chosen to provide graphical examples for the obtained numerical results and their plots.
Generation of Numerical Solutions
This section is intended to present results of generations of numerical solutions for the difference scheme (22) and (23) of differential Equation (5) of gas flow in porous media. There are results of numerical solution generations [25] for the Rapoport-Leas equation [26] , which is a generalization of the Buckley-Leverett problem. For symmetry groups with operators X 1 and X 2 from (6), transformations for solutions mean translations for time and spatial variables, respectively. It means only moving of the meshes without changes for the difference equations. It would be more interesting for the generation to consider operators X 3 and X 4 from (6) . The groups of transformations are t = e 2a t, x = e a x, P = P, t = e −a t, x = x, P = (P + K 2 )e a − K 2 (24) for X 3 and X 4 , respectively. In Figure 2 , actions of (24) for the numerical solution from Figure 1 (the implicit scheme (22) and (23) with the continuous symmetry groups (24) ) are used to show the concept of the solution generation method.
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This section is intended to present results of generations of numerical solutions for the difference scheme (22) and (23) of differential Equation (5) of gas flow in porous media. There are results of numerical solution generations [25] for the Rapoport-Leas equation [26] , which is a generalization of the Buckley-Leverett problem. For symmetry groups with operators 1 X and 2 X from (6), transformations for solutions mean translations for time and spatial variables, respectively. It means only moving of the meshes without changes for the difference equations. It would be more interesting for the generation to consider operators 
for 3 X and 4 X , respectively. In Figure 2 , actions of (24) for the numerical solution from Figure 1 (the implicit scheme (22) and (23) with the continuous symmetry groups (24) ) are used to show the concept of the solution generation method. The used initial and boundary conditions were chosen for the sake of testing. Classes of initial and boundary conditions are not restricted to those from exact solutions. For example, classes of (Figure 1 ) obtained using the implicit scheme with the time step choice. Plots (a,b) show generations using dilations for time and spatial variables (infinitesimal operator X 3 ) with certain values of the group parameter a; plots (c,d) show the applications of X 4 , which defines dilations of time and the combination of dilations and translations for pressure (the set initial left boundary pressures define group parameters for generations, where k is the factor for P le f t ).
The used initial and boundary conditions were chosen for the sake of testing. Classes of initial and boundary conditions are not restricted to those from exact solutions. For example, classes of initial and boundary conditions can be constructed on the basis of two smooth enough functions, which provide sensible numerical solutions for difference schemes with continuous symmetries. Classes of conditions are constructed by applying transformations from these continuous symmetry groups to these two functions.
The use of the generation algorithm via continuous symmetries is faster by several orders than the use of difference schemes as it has been obtained during numerical calculations of this section and in [25] . Tables A1 and A2 present demanded memory and calculation time, respectively, for different methods and meshes. This advantage allows faster and more effective solutions of many problems, which demand a considerable number of multivariate calculations: uncertainty analysis, history matching and upscaling. Moreover, the proposed approach of numerical solution generation can be accelerated by parallelization of three steps of the method:
•
The first step of obtaining initial numerical solutions can be paralleled by using some known parallel algorithms for solving arising systems of linear algebraic equations [27] ; •
The second step of group parameters seeking for transformations can be paralleled using some known parallel algorithms for solving arising systems of nonlinear (in the general case) algebraic equations [28] but there is no need for that in our case because group parameters can be analytically expressed via functions of initial and boundary conditions; •
The last step of numerical solution generation using continuous groups of symmetries can be paralleled because every mesh point and pressure value of a new generated solution are calculated independently.
The obtained results encourage further attempts to understand connections of stability and continuous symmetries for difference schemes in general cases, for example, two-and three-dimensional cases of multiphase flow equations in porous media. Moreover, the question of conservation laws [29, 30] is close to continuous symmetries and not discussed in this article. It can help in a wider understanding of problems, which are considered in the article.
The following are the main disadvantages of the presented method:
• It is difficult to find continuous symmetry groups for all known and widely used differential equations and difference schemes; • One must know explicit forms of transformations from symmetry groups; • Initial and boundary conditions must be from an invariant family of conditions.
A future goal of this study is to partly reduce the effect of these factors.
Conclusions
It is very important to have an opportunity for fast and reliable calculations for the practical usage of numerical algorithms in many fields. The presence of continuous symmetries gives a method of solution generations using only these continuous groups. One must calculate one numerical solution for an invariant difference scheme, which must not be trivial or invariant. Thereafter, a family of numerical solutions can be obtained using a continuous group of transformations.
Constructing difference schemes with the preservation of continuous Lie point symmetries is considered using the examples of the equations of gas flow in porous media. The examples and results of numerical calculations show very close connections between symmetries and properties of difference schemes such as invariant necessary conditions and the opportunity for numerical solution generations. Calculated difference invariants and given classifications for the considered family of differential equations can be used for checking frequently used difference schemes and for constructing new schemes. The described method of numerical solution generation can be applied for increasing accuracy and speed of computational fluid dynamics simulation of gas flow in porous media. 
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Nomenclature
Appendix A. Numerical Calculation Tests for Different Meshes
The tables below (Tables A1-A4) The method of numerical solution generations using the symmetry group for the operator X 4 , the parameter a = 0.4, and numerical solutions of the implicit difference scheme (22) with the time step choice (23) .
The cases from Section 4.1 are highlighted in bold. The numbers of time steps in the tables are average time steps, which depends on the time step choice (23), for different numbers of spatial steps. Table A1 shows the lack of significant differences between the demanded memory for numerical calculations using four presented difference schemes (Figure 1 ) and the method of numerical solution generations. The demanded memory mostly depends on the sizes of arrays for mesh points and values of pressure in all five cases. Table A2 shows comparisons of calculation time. The calculation time for the difference schemes with the constant time step is less than the calculation time for the schemes with the time step choice because of calculations of new time steps for every time layer. Calculations for the explicit difference schemes are several times faster than calculations for implicit difference schemes because systems of linear equations are solved for every time step in the implicit cases. The calculation time for numerical solution generations is by several orders less than time of calculations for the used difference schemes because almost all time is spent for calculations of functions for transformations of time, spatial variable, and pressure values of the used initial numerical solution. The analysis of relative errors in Tables A3 and A4 shows the advantage of the time step choice for the explicit difference scheme. The numerical solutions become stable for several used combinations of numbers of time and spatial steps when the time step choice is used. The implicit cases show almost no difference between relative errors for used schemes. Relative errors for the implicit scheme after numerical solution generations stay almost the same as it is shown in Section 3.2 for the general case. Moreover, relative errors for the implicit difference schemes don't depend on a mesh critically. 
